We study the ellipticity of near-threshold harmonics (NTH) from aligned molecules with large internuclear distances numerically and analytically. The calculated harmonic spectra show a broad plateau for NTH which is several orders of magnitude higher than that for high-order harmonics. In particular, the NTH plateau shows high ellipticity at small and intermediate orientation angles. Our analyses reveal that the main contributions to the NTH plateau come from the transition of the electron from continuum states to these two lowest bound states of the system, which are strongly coupled together by the laser field. Besides continuum states, higher excited states also play a role in the NTH plateau, resulting in a large phase difference between parallel and perpendicular harmonics and accordingly high ellipticity of the NTH plateau. The NTH plateau with high intensity and large ellipticity provides a promising manner for generating strong elliptically-polarized extreme-ultraviolet (EUV) pulses. 595-601 (1987). 2. A. L'Huillier, K. J. Schafer, and K. C. Kulander, "Theoretical aspects of intense field harmonic generation," J.
Introduction
In the past two decades, high-order harmonic generation (HHG) [1, 2] has attracted great interests in both experimental and theoretical studies of strong laser-matter interaction, and has shown its potential application in producing strong attosecond light pulses [3] [4] [5] . The HHG can be well described by a semiclassical three-step model [6] , where high-order harmonic (HOH) is emitted through the processes of tunneling ionization, propagation and recombination of the electron. The HHG can also be well understood in the frame of strong-field approximation (SFA) [7] . The latter can be considered as the quantum-version three-step model. The SFA is based on three important assumptions: 1) only the ground state contributes to the evolution of the system; 2) the depletion of the ground state can be neglected; 3) in the continuum, the electron can be treated as a free particle and the Coulomb effect can be omitted. According to the SFA, tunneling ionization plays a dominating role in HHG and multiple-photon effects are not important there.
Recently, the emission of near-threshold harmonic (NTH) which are lower or somewhat higher than the threshold harmonic from atoms is also a hot issue in strong-fields physics [8] [9] [10] [11] [12] [13] . The interest in NTH partly arises from the fact that the NTH can be used as the vacuumultraviolet (VUV) light source [14] [15] [16] [17] . Not as HHG, the origin of NTH is very complex and multiple-photon effects associated with bound-bound transition are shown to contribute importantly to the NTH [18] . Besides multiple-photon effects, the quantum trajectories [7] , arising from SFA and relating to tunneling, also play an important role in the NTH [19, 20] . Particularly, long and short quantum trajectories contribute differently to the NTH [21] . These different contributions can also be described by a modified three-step model with considering the Coulomb and the excitation effects [21, 22] .
For molecules, which have more degrees of freedoms than atoms, the generation mechanism of NTH is more complex. Due to the orientation effect [23] [24] [25] , the molecule can emit harmonics not only parallel to the laser polarization (i.e., the parallel harmonics) but also perpendicular to the laser polarization (i.e., the perpendicular harmonics). It has been shown that for molecules with small internuclear distances R, lower-order NTH harmonics, emitted in strong linearly-polarized laser fields, can show high ellipticity [26] . This high ellipticity of lower-order harmonics arises from the resonance effect between the ground state and several lower excited states of the molecule. This ellipticity mechanism of lower-order harmonics is different from that of HOH. The latter has been shown to be associated with the multielectron effect [27, 28] , quantum orbits considering the multicenter characteristic of the molecule [29] , the Coulomb effect [30, 31] , two-center interference [32] , quantum-mechanical uncertainty of the electron motion [33] , the interplay of different HHG routes [34] , etc.. This ellipticity of lower-order harmonics provides a potential manner for generating elliptically-polarized VUV pulses.
For molecules with intermediate and large internuclear distances R, the situation is very different from small ones. It has been shown that as the internuclear distance increases, the energy gap between the ground state and the first excited state of the molecule diminishes. As the internuclear distance is large enough, this energy gap is near to the visible or near-infrared laser frequency usually used in experiments (the resonance case for intermediate R), or near to zero (the degenerate case for large R). In intense laser fields, these two lowest states will be strongly coupled together. This phenomenon has been termed as the charge-resonance effect [35] . For molecules with intermediate R, the charge-resonance effect is found to contribute substantially to NTH [36] [37] [38] . It leads to many novelty phenomena in harmonic emission from molecules, such as double-plateau structure (the molecular one and the atomic one) [36, 37] , enhanced HHG efficiency in comparison with atoms [38, 39], etc.. To describe the chargeresonance effect on HHG, a modified SFA where the contributions of both the ground state and the first excited state are included, has been proposed [40] [41] [42] . The origin and polarization properties of NTH for molecules with large R, however, are less studied.
In this paper, through the numerical solution of the time-dependent Schrödinger equation (TDSE) in two dimensions (2D) and three dimensions (3D), we study the ellipticity of NTH from model H + 2 molecules with large R at different orientation angles and diverse laser parameters. Our simulations show that the harmonics spectra show a broad NTH plateau which depends on the molecular orientation and is several orders of magnitude higher than the following HOH plateau. In particular, the NTH plateau shows high ellipticity at small and intermediate orientation angles. Through numerical and analytical studies, we show that the main contributions to the NTH plateau come from the transitions of the continuum electrons, which are born through tunneling, back to these two lowest bound states of the system, which are strongly coupled to the laser field. The NTH plateau is also influenced by the contributions of higher excited states and this influence is more remarkable for perpendicular harmonics than the parallel ones. These different influences of excited states induce a large phase difference between parallel and perpendicular harmonics and accordingly high ellipticity of the NTH plateau.
The paper is organized as follows. We present our numerical procedure and analytical method for the emission of harmonics from molecules with large internuclear distances in Sec. 2. In Sec. 3, we show our main results and discuss the generation mechanism of the NTH plateau and the polarization properties of the plateau. Section 4 is our conclusion.
Theoretical description

Numerical method
We assume that the laser field is linearly polarized along a direction parallel to the x axis and the molecular axis is located in the xoy plane. The Hamiltonian of the model H + 2 molecule studied here is H(t) = p 2 /2+V (r)+r·E(t) (in atomic units ofh = e = m e = 1). The potential used here has the following form of V (r) = −Z/ ξ + r 2 1 − Z/ ξ + r 2 2 . Here r 2 1,2 = (x ± R/2 cos θ ) 2 + (y ± R/2 sin θ ) 2 + z 2 for 3D cases and r 2 1,2 = (x ± R/2 cos θ ) 2 + (y ± R/2 sin θ ) 2 for 2D cases. R = 16 a.u. is the internuclear separation, with which the molecular potential used here shows a double-well structure. ξ = 0.5 is the smoothing parameter, and θ denotes the angle between the molecular axis and the laser polarization. Z is the effective charge which is adjusted to obtain the desired ground-state energy of the molecule. E(t) = eE(t) with E(t) = f (t)E sin ω 0 t is the external electric field, and e is the unit vector along the laser field. f (t) is the envelope function. E and ω 0 are the amplitude and the frequency of the external electric field. In our calculations, we use a 10-cycle laser pulse which is linearly ramped up for 3 optical cycles and then kept at a constant intensity for 4 additional cycles and finally linearly ramped down for 3 optical cycles. Numerically, the TDSE of iψ(t) = H(t)ψ(t) is solved by the spectral method [43] . In 2D cases, we use a grid size of L x × L y = 409.6 × 204.8 a.u. for the x and y axes. In 3D cases, a grid size of L x × L y × L z = 204.8 × 102.4 × 51.2 a.u. for the x, y and z axes is used.
In our 2D simulations, the ground state |0 with 1sσ g symmetry, the first excited state |1 with 1sσ u symmetry have the ionization potential of I p 0 = |E 0 | = 1.1111495 a.u. and I p 1 = |E 1 | = 1.1111494 a.u.. Here, E n is the eigenvalue of the eigenstate |n of the field-free Hamiltonian H 0 = p 2 /2 + V (r). These eigenvalues are obtained by propagation in imaginary time. The energies of these two lowest states are very near to each other, implying the contribution of the first excited state to the evolution of the system can't be omitted. The corresponding 3D eigenvalues of these two lowest states in our simulations are similar to the 2D ones.
It has been shown that the interference of long and short quantum trajectories influences importantly on the ellipticity of harmonics [33] , resulting in strong oscillation of the ellipticity at different harmonic orders. To obtain a clear picture for the polarization properties of NTH from molecules with large R, in this paper, unless mentioned elsewhere, we evaluate the harmonics arising only from the short trajectory [44, 45] . These short-trajectory harmonics are obtained with putting the absorbing boundary, from where we become to filter out the TDSE wave packet using a cos 1/8 mask function, at the position of
along the x axis, y 0 = L y /8 along the y axis, and z 0 = L z /8 along the z axis. With the filtering parameter of f = 1, similar to that used in [34] , the contributions of the long trajectory and multiple returns to the HHG are removed in our simulations, as the contribution of the short trajectory is not influenced basically. With the TDSE wavefunction ψ(t), the coherent part of the parallel or perpendicular harmonic spectra can be evaluated using
where ω is the emitted-photon frequency. To explore the influence of bound-bound transition on the ellipticity of NTH, the following expressions are also used to approximately evaluate the harmonic spectra:
with the amplitude a n (t) = n|ψ(t) , where we only consider the transition of the electron back to the ground state |0 and the first excited state |1 ;
a n (t)|n and a n (t) = n |ψ(t) , where the transitions from some bound states (|0 to |m ) to these two lowest states |0 and |1 are further excluded. The model H + 2 molecule with large R has pairs of bound states known as charge-resonance states [36] . For each pair, the energy gap between these two relevant states is small, and they are very strongly coupled together in intense laser fields. For the reason, the contributions of these two relevant states need to be excluded together as using Eq. (4). The ellipticity ε is determined by the amplitude ratio and the phase difference of the parallel and perpendicular harmonics. That is
where r = A ⊥ /A is the ratio of harmonic intensity of the perpendicular vs parallel component, and
The range of ellipticity ε is 0 ≤ ε ≤ 1. One can read from Eq. (5) that as the intensity of the perpendicular harmonics is comparable to the parallel one and there is a phase difference of δ 1 ∼ π/2, high ellipticity ε can be expected.
Analytical description
2.2.1. Two-level approximation for molecules with large R
As the internuclear distance is large such as R = 16 a.u. explored in this paper, the ground state and the first excited state of the system are near to degeneracy. In two-level approximation, one can expand the wavefunction |ψ(t) on these two lowest states |0 and |1 . That is
With assuming
the solution of the Schrödinger equation iψ(t) = H(t)ψ(t) for the two-level system is [42]
Here, A(t) is the vector potential of the electric field E(t), d 01 = 0|r|1 . As the internuclear distance R is large enough, d 01 ≈ R/2, where R is the vector between these two cores of the molecule. With the solution of Eq. (7), the dipole moment d(t) = ψ(t)|r|ψ(t) = 0, implying that the transition between these two lowest states does not contribute to the emission of harmonics. This case is different from that of molecules with intermediate R. For the latter, it has been shown that the transition between these two lowest states plays an important role in the emission of low-energy harmonics [36] [37] [38] . It should be mentioned that for R=16 a.u. explored here, the energy gap between these two lowest states is about 10 −7 a.u.. For any reasonable temperature, the Boltzmann product kT , is much greater than this value, implying that both states are almost equally populated. In obtaining Eq. (7), we have used the initial conditions of a(0) = 1 and b(0) = 0 for these two states. As discussed in [36], as exposed to strong laser fields, these initial conditions of the two-level system depend strongly on the turn on of the laser pulse. Through controlling the parameters which characterize the pulse rise such as the peak field strength and the rise time, the initial conditions of the two-level system can be controlled [46] .
Modified SFA for molecules with large R
For molecules with large R, due to the strong coupling between the ground state and the first excited state, the contribution of the first excited state also needs to be considered in the SFA [40] . In this case, the assumptions in the modified SFA are as follows. (a) Except the ground state |0 and the first excited state |1 , the contribution of other bound states can be neglected. (b) The depletion of these two lowest states can be omitted. (c) In the continuum, the electron can be described using the plane wave |v , with the omission of the Coulomb effect. Then, the wavefunction |ψ(t) can be written as
Approximating the expressions of a(t) and b(t) with Eq. (7) 
where
Under the linear combination of atomic orbitals-molecular orbitals (LCAO-MO) approximation, the wavefunctions of |0 and |1 of the H + 2 molecule with large R can be written as
where c is the normalization factor. |φ a (r) is the atomic wavefunction. The dipole moment D(t) = ψ(t)|r|ψ(t) parallel or perpendicular to the laser polarization e can be written as (10) where
are the conjugated elements of d a (v) and ϕ a (v). In Eq. (10), the integral over p can be performed using a saddle-point method [7] with the saddle-point momentum p st (t,t ) = − t t A(t )dt /(t − t ). Then the parallel or perpendicular harmonic spectra arising from the modified SFA can be evaluated using
In the SFA simulations, we use a laser field of E(t) = eE sin ω 0 t and a 5-cycle laser pulse which is kept at a constant intensity for the total pulse duration times of Ts=5T. T is the laser cycle. 2) with I = 5×10 14 W/cm 2 and λ = 1200 nm (the left column) and I = 8×10 14 W/cm 2 and λ = 1000 nm (the right column) at θ = 20 0 (the black-square curves), θ = 40 0 (the red-circle curves) and θ = 60 0 (the blue-triangle curves).
Results and discussions
TDSE results
To study the spectral and polarization properties of NTH from molecules with large R, we have explored a wide region of laser and molecular parameters. Some typical results are presented in Fig. 1 . In Figs. 1(a) and 1(b), we show the parallel and perpendicular NTH spectra obtained with I = 5 × 10 14 W/cm 2 and λ = 1200 nm at different angles θ . One can observe from Fig.  1(a) , the NTH spectra show a broad plateau with a remarkable cutoff. The position of the cutoff shifts to lower harmonic orders as the orientation angle increases. For example, the NTH cutoff N c is located at H47 for θ = 20 0 , and it appears at H39 for θ = 40 0 . For θ = 60 0 , the cutoff shifts to H23, as indicated by the vertical line. Beyond the NTH cutoff, the harmonic spectrum falls fast and shows a second plateau (the HOH plateau), similar to the cases of molecules with intermediate R [36, 37] . Another important characteristic for the NTH plateau is that it shows higher intensities for smaller angles. For example, the intensity of the NTH plateau at θ = 20 0 (the black-square curve) is one order of magnitude higher than that at θ = 40 0 (the red-circle curve). For the perpendicular cases in Fig. 1(b) , the situation is similar to the parallel one with the spectra showing a striking NTH plateau. The intensity of this plateau here is comparable with the corresponding parallel one, especially for the intermediate angle.
Next, we turn to the polarization properties of NTH. From Fig. 1(c) , one can observe that the ellipticity curves at different angles show a hump where harmonics with different energies have similar ellipticity values. For example, for the black-square curve of θ = 20 0 , harmonics from H31 to H55 have a similar ellipticity value of ε ≈ 0.2. For the red-circle curve of θ = 40 0 , the ellipticity hump is located in the range of H25 to H39 with ε ≈ 0.4. The range of the ellipticity hump in Fig. 1(c) is near to the corresponding NTH plateau in Figs. 1(a) and 1(b) .
As the laser parameters change, the spectral plateau and the ellipticity hump can still be observed, as shown in the right column of Fig. 1 with I = 8 × 10 14 W/cm 2 and λ = 1000 nm. The cutoffs of these plateaus at different angles appear at similar harmonic orders as the corresponding ones in the left column. To check our results, we have also performed simulations in 3D cases, as presented in Fig. 2 . These 3D results are similar to the 2D ones.
One can observe that the cutoff energy of the NTH plateaus at different parameters shown above agrees with the relation of N c = ER cos θ . In Fig. 3 , we show the dependence of the ellipticity on the laser wavelength for several typical harmonics of Ω 1 = N c , Ω 2 = 0.75N c and Ω 3 = 0.5N c located in the NTH plateau with different angles. Note, as N c is dependent of the angle θ , the selected harmonics Ω 1,2,3 are also associated with the angle. The harmonics of In addition, for all cases of harmonics, the ellipticity curves in Fig. 3(c) of θ = 60 0 also show oscillation. As seen in Fig. 1 and Fig. 2 , for the large angle of θ = 60 0 , the NTH plateau is located at lower harmonic orders with lower intensities than the cases of small and intermediate angles. We expect that the NTH plateau of θ = 60 0 can be more easily influenced by the contributions of lower bound states. As the amplitudes of bound-bound transition depend on the laser wavelength [26] , so do the contributions of the lower bound states to NTH. The origin of the NTH plateau will be discussed in detail later.
We mention for full TDSE simulations with setting the absorbing boundary along the x axis at x 0 = L x /8, which implies that all of the contributions of long-short trajectories and multiple returns to the emission of harmonics are included, the NTH plateau with high intensity observed in Fig. 1 still appears in our extended calculations. In fact, at small angles, results obtained with full TDSE simulations are very similar to these short-trajectory ones shown in Fig. 1 , suggesting that the long trajectory and multiple returns influence less on the NTH plateau at small angles. The influence of the long trajectory and multiple returns on the NTH plateau becomes remarkable only for larger angles such as θ = 60 0 at which the intensity of the NTH plateau is relatively low, as these blue-triangle curves tell in Fig. 1 . In addition, we have also performed extended simulations for other initial conditions. With the proportion of a 2 (t = 0)/b 2 (t = 0) near to 1.1, the calculated spectra still show a broad NTH plateau with the intensity almost one order of magnitude higher than the following HHG plateau and high ellipticity.
We note that the NTH cutoff energy N c = ER cos θ shown in Fig. 1 is similar to that predicted from two-level approximation for molecules with intermediate R [36] . However, as discussed in Sec. 2.2.1, for the present cases of molecules with large R at which these two lowest states are almost degenerate, the harmonic-emission process can't be well described using the twolevel approximation. Below, we will show that the modified SFA formulated using Eqs. (10) and (11) is capable of describing the spectral plateau of NTH for molecules with large R. 
Predictions of the modified SFA
In Fig. 4 , we show the results obtained using Eq. (11) with the same laser and molecular parameters as in Fig. 1 . Indeed, one can see that the modified SFA applicably predicts the spectral plateau of NTH which is several orders of magnitude higher than the plateau of HOH. In particular, the cutoff positions of the NTH spectral plateaus obtained from Eq. (11) at different angles are also very near to the TDSE ones shown in Fig. 1 and Fig. 2 . However, the ellipticity of the NTH plateau predicted from Eq. (11) is far lower than the TDSE one, as shown in Figs. 4(c) and 4(f). Specifically, the ellipticity of the NTH plateau is lower than ε = 0.03 for θ = 20 0 and lower than ε = 0.05 for θ = 40 0 . We mention that the striking NTH plateau observed here disappears in our simulations using the general SFA [7] , implying the importance of the first-excited-state contribution in generating this plateau.
Before we can understand the ellipticity of the NTH plateau shown in Fig. 1 , we further analyze the origin of the plateau. Since the two-level model is not capable of describing the NTH plateau as the modified SFA does, where the contributions of continuum states are considered, one can expect that the transition from continuum states to these two lowest states plays an important role in producing this plateau. Once the continuum states are involved and accordingly tunneling ionization of the electron from the bound state to the continuum states is activated, the generation mechanism for this NTH plateau becomes more complex. According to the quantum-orbit theory [7] , the ionized electron can return to the cores with the emission of harmonics along the short trajectory (with the excursion time τ shorter than one half laser cycle), the long trajectories (with τ near to one laser cycle), or the trajectories of multiple returns (with τ longer than one laser cycle). It is natural to ask whether the well-known quantum trajectories which dominate in the HHG also contribute to the generation of the NTH plateau?
Origin of the NTH plateau
To study the origin of the NTH plateau for molecules with large R, we perform wavelet analysis [47] for the TDSE and SFA results of NTH. The distributions in Fig. 5 indeed tell that the NTH is emitted shortly after the laser field arrives at its peak. For example, the first emission time shown in Fig. 5(a) is around 3.8T and it is 3.77T in Fig. 5(b) . These times are very near to 3.75T d) is similar to the parallel one. We thus conjecture that these electrons which contribute to the NTH plateau ionize at the peak of the laser field, and recombine with the two lowest states which are strongly dressed by the laser filed, shortly after the laser field becomes to fall. Note that the mechanism with a short excursion time for NTH is different from that for HOH. According to the quantum-orbit theory for HOH, the electron which is born near to the peak of the laser field, will have to return to the cores after one laser cycle when it ionizes (the long trajectory) or more laser cycles (multiple returns).
To check our conjecture, further analyses based on TDSE and SFA simulations have also been performed, as shown in Fig. 6 . In Figs. 6(a) and 6(c), we show the TDSE spectra obtained with different filtering parameters f . As discussed in the method section, for f =1 with setting the absorbing boundary at x 0 = E/ω 0 , only the contribution of the short trajectory is retained. For f = 0.1 with x 0 = f E/ω 0 ≈ 8.3 a.u., the position of the absorbing boundary is very near to the position of the nuclei, and the electron which arrives at the boundary of x 0 = 8.3 a.u. will be removed by the absorbing procedure. Indeed, one can observe from Figs. 6(a) and 6(c), the red-circle curve of f = 0.1 is very near to the black-square curve of f = 1, implying that the main contributions to the NTH plateau come from the electrons which move around these two nuclei of the molecule. For smaller values of f such as f = 0.08 with x 0 ≈ 6.6 a.u. smaller than the position of the nuclei, the calculated spectra decrease significantly with one order of magnitude lower than that obtained with f = 0.1, as the blue-triangle curves show. We thus conclude that at the peak of the laser field, some electrons tunnel out from one of the molecular two potential wells (which is dressed up by the laser field), then they travel a distance of R with a short excursion time, and fall into the other well (which is dressed down by the laser field). These electrons contribute mostly to the generation of the NTH plateau.
This mechanism is further checked in Figs. 6(b) and 6(d) where we show the SFA calculations with the pulse duration time Ts at 5T, 0.5T and 0.25T, implying the use of a 5-cycle (0.5-cycle or 0.25-cycle) laser pulse which is kept at a constant intensity for 5 (0.5 or 0.25) op- tical cycles. One can observe that even for the pulse duration as short as Ts=0.25T in which no quantum trajectories predicted from the quantum-orbit theory [7] will work, the NTH plateau can still be reproduced from our simulations. The contour of the blue-dashed-dotted curve of Ts=0.25T is similar to that of the black-solid curve of Ts=5T. These two curves differ somewhat in the cutoff region. As the pulse duration increases further, the red-dotted curve of Ts=0.5T agrees well with the black-solid one of 5T in the cutoff region, as indicated by the vertical line. These comparisons support our above analyses that for molecules with large R, the main contributions to the NTH plateau come from the electrons which ionize from one core of the molecule and return to the other with a short excursion time around the peak of the laser field.
Ellipticity of the NTH plateau
With the above discussions on the origin of the NTH plateau, we further analyze the polarization properties of the plateau. As discussed in Fig. 4 , as the modified SFA is capable of predicting the appearance of the NTH plateau, it does't predict the ellipticity of this plateau. In the modified SFA, only these two lowest bound states and the continuum states are included in the evolution of the system, the contributions of other bound states are omitted. Some lower excited states have been shown to contribute importantly to emission of lower-order harmonics for molecules with small R [26]. For molecules with large R, our analyses in Fig. 6 show that the main contributions to the NTH plateau come from the transitions from continuum states to these two lowest bound states. In this case, can other bound states, which are omitted in the SFA, influence the NTH plateau? To answer this question, in Fig. 7 and Fig. 8 , we show the results calculated using Eq. (4) where the transitions from some higher bound states to these two lowest states are excluded. We also compare them to those obtained using Eq. (3) where all of the contributions of bound states are included. We mention that the results obtained using Eq. (3) are very similar to the accurate ones of Eq. (2), so we don't present the results of Eq. (2) here.
For θ = 20 0 , one can observe from Fig. 7(a) of the parallel case that the curves obtained with excluding different bound states are very similar to each other in the NTH plateau region. This similarity suggests that higher excited states up to the 9th state indeed contribute less to the parallel harmonics of the NTH plateau. However, for the perpendicular case in Fig. 7(c) , the influence of higher excited states appears. As the red-circle curve with excluding some excited states up to the 5th state is similar to the black-square curve which includes all of contributions of bound states, the blue-triangle curve with excluding some higher excited states up to the 9th state becomes to deviate from other curves. This difference is the most remarkable for the spectra in the cutoff region. In Figs. 7(b) and 7(d), one can observe that the phase difference between the parallel and perpendicular harmonics and the ellipticity of harmonics, predicted by the blue-triangle curves, also decrease in this region remarkably. These comparisons suggest that the contributions of higher excited states play an important role in the ellipticity of the NTH plateau.
For the intermediate angle of θ = 40 0 with a lower and shorter NTH plateau than that at θ = 20 0 (see Fig. 1 ), the influence of higher excited states on the NTH plateau becomes more remarkable, as shown in Fig. 8 . The blue-triangle curves deviate from other curves strikingly both in Fig. 8(a) of the parallel case and Fig. 8(c) of the perpendicular case. Meanwhile, this deviation is somewhat larger for the perpendicular case than the parallel one. The phase difference and accordingly the ellipticity of harmonics in the plateau region also diminish when the contributions of these higher excited states are excluded, as shown in Figs. 8(b) and 8(d) . Here, the blue-triangle curves are lower than other curves in the plateau region. These results agree with our analyses in Fig. 7 . They suggest that higher excited states influence differently on the parallel and perpendicular harmonics, resulting in a large phase difference and accordingly high ellipticity of harmonics in the NTH plateau.
We mention that for harmonics with lower energies such as harmonics lower than H29 (the threshold harmonic) in Figs. 7(a) and 7(c), the influence of excited states on these harmonics is very complex. The ellipticity curves in Fig. 7(b) with excluding different excited states also show strong oscillating for these lower harmonic orders. However, the intensities of these harmonics are generally one order of magnitude lower than those near to the cutoff of the NTH plateau. For the reason, we don't discuss the complex roles of excited states in polarization properties of these harmonics here.
Extended discussions on other R
For molecules with internuclear distances larger than R= 12 a.u., our simulations show that the energy gap between the ground state and the first excited state becomes very small and can be omitted in comparison with the visible or near-infrared laser frequency usually used in experiments. In this case, results obtained are similar to those presented here.
For molecules with intermediate R such as R= 6 a.u., the energy gap between the ground state and the first excited state is near to the laser frequency usually used in experiments, and singlephoton or several-photon resonance between these two lowest states is expected [42] . In this case, the resonance effect between these two states contributes importantly to the NTH [36] [37] [38] . This resonance effect also leads to the remarkably enhanced ionization yields (several orders of magnitude higher than that for molecules with small or large R) [39, 42] . Due to the energy gap depends on the internuclear distance, one can expect that polarization properties of BTH for molecules with intermediate R are also sensitive to the internuclear distance. As a case, in Fig. 9 , we plot the TDSE results for R=6 a.u at I = 2 × 10 14 W/cm 2 and λ = 1200 nm.
Figures 9(a) and 9(c) show the parallel and perpendicular harmonic spectra at θ = 20 0 and θ = 40 0 . The spectra at different angles show a striking intensity peak located at the harmonic energy of N c = ER cos θ , as indicated by the dashed lines. In addition, harmonics near to the peak position show small ellipticity, as shown in Figs. 9(b) and 9(d). Our other simulations using Eq. (4) show the main contributions to both of the parallel and perpendicular components of these peak harmonics come from the second excited states of the system. So the phase differ- ence between them is small and accordingly the ellipticity of these harmonics is also small. For other cases such as R=4 a.u., the main contributions to both parallel and perpendicular harmonics near to the intensity peak of N c = ER cos θ come from the first excited state, and the peak harmonics also show small ellipticity. However, for R=8 a.u., the main contributions to parallel and perpendicular harmonics near to this intensity peak come from different excited states, resulting in a large phase difference. So the peak harmonics show relatively large ellipticity.
Potential application for the NTH plateau with ellipticity
Using the expression of Eq. (2) in [5] , the train of pulses I x (t) or I y (t) obtained using 22 parallel or perpendicular harmonics, from 29th to 51st in the NTH plateau region of the spectrum for H + 2 with R=16 a.u. at I = 5 × 10 14 W/cm 2 , λ = 1200 nm and θ = 20 0 , is shown in Fig. 10 . Results obtained from TDSE simulations in Fig. 10(a) are compared to the SFA ones in Fig. 10(b) . The temporal profiles of pulses in Figs. 10(a) and 10(b) both show two dominant peaks in per optical cycle, with the intensity of I y (t) for perpendicular harmonics weaker than I x (t) of the parallel ones. The difference between the TDSE and SFA results becomes striking in Figs. 10(c) and 10(d), where we plot the value of I y (t) as a function of I x (t). As the curve in Fig. 10(c) shows an irregular "ring" structure, the value of I y (t) increases linearly with the increase of I x (t) in Fig.  10(d) . The latter is a typical characteristic of two orthogonally polarized laser fields with the same frequency ω and zero delay φ such as E(t) = e x E 1 sin ω 1 t + e y E 2 sin(ω 2 t + φ ) at ω 1 = ω 2 and φ = 0. This "ring" structure in Fig. 10(c) thus suggests the ellipticity of the relevant pulse. These results agree with our analyses on the NTH ellipticity in Sec. 3.4.
Conclusions
In summary, we have studied the emission of NTH from molecules with large R. Our TDSE simulations show a broad NTH plateau which depends on the molecular orientation. The remarkable characteristics of the NTH plateau can be well described by a modified SFA model where the strong coupling of the ground state and the first excited state in intense laser fields is considered and the mechanism of tunneling ionization of the electron is activated.
Our analyses based on TDSE and SFA simulations show that the generation mechanism of the NTH plateau can also be described using a three-step process which occurs in the interior of the molecule: tunneling ionization of the electron from one of the molecular two potential wells which is dressed up near to the peak of the laser filed; the propagation of the electron with a displacement R and a short excursion time; the recombination of the electron with the other well of the molecule which is dressed down by the laser field, with the emission of a NTH photon. During the process, higher excited states can also contribute to the emission of NTH and the contributions are more remarkable for the perpendicular harmonics which generally are weaker than the parallel ones. These different influences of higher excited states on parallel and perpendicular harmonics result in a phase difference between these two harmonic components and accordingly a large ellipticity of the NTH.
The cutoff of the NTH plateau is related to the internuclear distance and the laser intensity. Experimentally, with the use of a stretched molecular system and applicable laser parameters, it is possible to obtain a NTH plateau with the cutoff energy located at 10 to 100 eV. This broad NTH plateau with high intensity and large ellipticity can be used as the bright ellipticallypolarized EUV light source.
